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‘ Starting Point I

e Non relativistic Quantum Mechanics
HY = EV
H=T+V
V=> V@i, + > W(ijk)

1< 1<g<k

e Solution of the Schrodinger eq. (bound states)

e Faddeev equations for A = 3

e Faddeev-Yakubovsky equations for A =4
e Green Function Monte Carlo A < 12

e No Core Shell Model A < 12

Hyperspherical Harmonics




‘ Recent developments in the NN potential I

e Nijm I, II, 93 V.G.J. Stocks et al., PRC 49, 2950 (1994)
e AV18 R.B. Wiringa et al., PRC 51, 38 (1995)
e CD Bonn 2000 R. Machleidt, PRC 63, 024001 (2001)

e N°LO Entem and Machleidt, PRC 68, 041001 (2003)
e N°LO Epelbaum et al., NPA 747, 362 (2005)

e Low momentum NN interaction V,, &
S.K. Bogner et al., Phys.Rep. 386, 1 (2003)
S. Fujii et al, PRC 70, 024003 (2004)




‘ The NN Potential I

v(NN) = vF"M(NN) 4+ 0™ (NN) + v (NN)

VEM ig the electromagnetic part

V™ is the one-pion exchange potential
V1 is the shor range part and have a certain number of parameters
(from 30 to 40) determined by fitting the NN data.

For example the AV18 potential is:

v(NN)= > v,(r)O” with

p=1,18

OP = (1701 02, SlZaL ) Sa L27L201 " 02, (L ) 5)2) ® (177-1 ' 7_2)
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E(MeV)  data  N3LO NNLO NLO AV18 CD Bonn

0-290 2402 (np)  1.10 10.1 36.2 1.04 1.03
0-290 2057 (pp)  1.50 35.4 80.1 1.30 1.10




Motivation I

Realistic NN potentials describe 2N data with y? ~ 1
Realistic NN potentials describe 3N data with x? >> 1

Realistic NN+3N potentials describe 3N data with y? >> 1

Realistic NN+3N potentials describe 4N data with y? >> 1

The main disagreements are found in polarization observables

even at low energies




Recent developments in the 3N potential I

Two-pion Exchange Potentials

e TM’ : S. Coon and Glockle, PRC 23, 1790 (1981)

e Brazil : H.T. Coelho, T.K.Das and M.R. Robilotta, PRC 28,
1812 (1983)

e URIX : B.S. Pudliner et al., PRL 51, 4396 (1995)

Two-pion Exchange Potentials+rings
e [llinois : S.C. Pieper, PRC 64, 014001 (2001)

3N Potential from chiral EFT
e N2LO non local : E. Epelbaum et al., PRC 66, 064001 (2002)
e N2LO local : P. Navratil, FBS 41, 117 (2007)
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The 3N Potential I

Wan = Z Wi, j, k)
i gk
W(1,2,3) = Ei7i - 12(01 - r31)(02 - 723)y(r31)Yy(723)
+E3{Xo3, X31}{m2 - 73,73 - T1 }
+ By [Xosz, X31] |12 - 73,73 - T1]
+E 11 - T1Z0(7123) Zo(731)
+D 11 - Ti{o1 - 02]y(r31) Zo(ra3) + y(r23) Zo(r31)]
(01 - 7r31)(02 - T31)t(r31) Zo(123) +(01 - 723)(02 - 23)t(123) Zo(731) }

Xij = t(rij)(oi - rij) (o) - 1ig) + y(rij)oi - o

E, D = 0 from chiral EFT




Experimental and GFMC energies'

method

GFMC GFMC GFMC NCSM

nucleus Exp.

AV18  AVI84+UR AV18+IL4 N3LO+N2LO

H(1T)  -2.2245
SH(ET)  -8.48
He(7)  -7.72
He(0")  -28.30
) -31.99
) -39.24
)

(
(
STi(1™

(
Li(
(

i

-38.77

-2.2245
-7.61
-6.87

-24.07
-26.9
-31.6
-31.1

-8.47
-7.73
-28.36
-32.63

-8.44
-7.69
-28.35
-32.0
-39.5
-39.0

-8.46
-7.71
-28.33
-31.1
-37.5
-32.1




‘ Topics I

Construction of A = 3,4 bound states
Construction of A = 3,4 scattering states

Production of benchmarks:

a) bound states, b) scattering states
Calculations of observables

Theory vs experiment

n—d, p—d, N—3H, N —3He

capture reactions as p+d —=*He+~v or n+d —=>H+~




A = 3,4 bound states I

The A=3,4 wave function is written as
Vs = Z (X, Yi)
i=1,3

Uy= > (x4, %)

i=1,12

N.
Y(xiyyi) = Y Gal@iyi)Valis j, k)
a=1

N

w(Xia Yi, Zi) — Z gba(xia Yis Zz)yoz(la.]? k? m)

o=




Jacobi Coordinates:

A=3
X =T =TIk

LE R

Hyperspherical Variables:

x; = pcosb;

Y; = psinb;

[pa QZ] — [/07 elailvgl]

X; = pPCOS (912'
Y; = ,OSiIl (9“' COS (922'
z; = psinfy; sin O,

[107 QZ] — [pa Hlia (922'7 iiv Q’ia 732]
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The HH functions are:

L3(Q)Vix) = K(K +4) Yk

Vi) = N, B P2 (cos 2¢)[Yr, (21)Yi, (22)] L
Li(Q) Vi) = K(K 4+ 7)Yk
Viry = N1 B Phlels (cos20) [V, (1) Y, (22) Vi, (23)] L




‘ HH basis I

The A = 3 amplitudes are expanded in the HH basis

aliogi) =7 ) Ao <2>P£1a’l2a<ez->]

¢ (‘/’U’L? yl? Z’L T [ Z Amn1n2£(8) ) (3)P’rlL11c’XrL2l2a,l3a (91%7 921)]

™mnin9g

The A=3,4 HH basis elements are

am[K] >= L) (p 5"Z<2>Pl1“2a i)Valls J, k)
am[K] >= £ (, ﬁpzmpzla baastae (91 02)) Va0 (i, 4, k,m)

IANED)

K:l1a+12a+2n K:l1a+lga+l3a—|—2n1—|—2n2




‘ A = 3,4 basis elements I

The A=3,4 bound state wave functions result

Wa—34 = Z Al iylam [K] >

laom K| > is a complete antisymmetric basis element.

The coeflicients Ag,b[ K] are obtained from the generalized eigenvalue




The HH basis can be defined in configuration or momentum space:

< p, Qam[K] >= L) (p) e % Bfjy(Q)

< Q,Ylam K] >= Fi,) (Q) B (Q)

with
3N—1

fl(<A]\)4(Q) — (_i)K/O dp(QIZ)SN/2—1 ‘]K+3N/2—1(Q:0)£(A) (P)

The T-matrix elements < o/ m’ [K']|T'|am [K] > are analytical
The V-matrix elements < o’ m' [K']|V|am [K]| > can be calculated

in configuration or momentum space as convenience.




Potential

Method

B(®*H)

B(*He)

AV18

HH
FE/FY Bochum
FE/FY Lisbon

7.624
7.621
7.621

24.22
24.23
24.24

HH
FE/FY Lisbon
NCSM

7.998
7.998
7.99(1)

26.13
26.11

N3LO-Idaho

HH
FE/FY Lisbon
NCSM

7.854
7.854
7.852(5)

25.38
25.38
25.39(1)

AV18/UIX

HH
FE/FY Bochum
GFMC

8.479
8.476
8.46(1)

28.47
28.53
28.33(2)

CDBonn/TM

HH
FE/FY Bochum

8.474
8.482

29.00
29.09

N3LO-Idaho/N2LO

HH
NCSM

8.474
8.473(5)

28.37
28.34(2)




3H

AV18
CDBonn
N3LO-I

AV18/UIX
CDBonn/TM
N3LO-I/N2LO

AV18/UIX
CDBonn/TM
N3LO-I/N2LO

AV18/UIX
CDBonn/TM
N3LO-I/N2LO

Exp.




A = 3,4 scattering states I

The A=3.,4 scattering wave function is written as
U =Vr+ Wy

The internal part is

\IJA = Z ¢ Xu}’z 3 \IJA ‘= Z wX’MY’L?Z’L

1=1,3 1=1,12
The i-amplitude has total JJ, and can be expanded in the HH

basis.

lam K| >

The second term, ¥ 4 describes the asymptotic motion of a bound

state relative to the incident nucleon.




Asymptotic state I

U 4 can be written as a sum of ¢ amplitudes with the generic one

having the form

D) (%0 yi) = RY (i) {[Ga(x:)s')sVL(9:) },, [t5" ).

Do (Xiyin2i) = R (2:) {[#3(xi, y3)s™]s YL (2)} 5. [t t™ o,

The functions R* are related to the regular or irregular Coulomb
(spherical Bessel) functions. The functions Q* can be combined to

form a general asymptotic state 25+ [ ;

L Ao J oSS’ 1
Nigr=8Qps5+ E ISP Qg g
L/S/




The Kohn Variational Principle I

The A = 3,4 scattering w.f. for an incident state with relative
angular momentum L, spin .S and total angular momentum J has

the form

Uigy = Z Al lam K] > +Q7gs + Z TSP Qs
a,m,[K] L'S’

A variational estimate of the trial parameters A%[ K] 787 fll

can be obtained using the Kohn Variational Principle

[Jsfig/] — JSigig/ — i<‘I’ZSJ|H - E|\Ijz’S’J>




‘ Calculation of Observables I

The observables can be calculated from the transition matrix M

decomposed as a sum of the Coulomb plus a nuclear term

M5 (0) = f.(0)6551 600 + —V;“T > V2L + 1(LOSv|Jv)
J

L,L’,

< (L'M'S"V'|Jv) expli(or + orr — 200)] "TES) Yirae (6,0)

_ tr{MM"} _tr{MMT}

- 6 o 1

A = tr{Mo, M} tr{Mo,MT}
y — 6 4

. tr{MS,M"} tr{MS,MT

ZTll — 6y — { 4y }

The scattering lengths are: @I DNy = — limg—0 R({J,OJ




Table 1: The nd doublet and quartet scattering lengths 2a,q4, *anqg

Potential Model 2 @y g [fm] Yanalfm]
AV14 HH 1.189 6.379
AV14 FE Los Alamos 1.204 6.380
AV18 HH 1.258 6.345
AV18 FE Bochum 1.248 6.346
AV18* PHH 1.275 6.325
AV18* FE Bochum 1.263 6.326
N3LO-Idaho HH 1.100 6.342
AV14/TM HH 0.586 6.371
AV18/UIX HH 0.590 6.343
AV18/UIX FE Bochum 0.578 6.347
AV18* /UIX HH 0.610 6.323
AV18* /UIX FE Bochum 0.597 6.326
N3LO-Idaho/N2LO HH 0.675 6.342
0.65+0.04 6.35+0.02
0.64540.003+0.007




Table 2: The pd doublet and quartet scattering lengths ?a,q, *apq

Potential Model Yapq 2apa(T =1/2)  *apq(T =1/2)
AV14 HH 13.773 0.941 13.773
AV14 FE Los Alamos 0.965 13.764
AV18 HH 13.662 1.150 13.662
AV18* HH 13.588 1.198 13.589
N3LO-Idaho HH 13.646 0.866 13.646
AV18/UIX PHH 13.662 -0.074 13.663
AV18* /UIX PHH 13.588 -0.019 13.590
N3LO-Idaho/N2LO HH 13.647 0.082 13.647




N-d cross section at E=3 MeV
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N-d cross section at E=3 MeV
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Table 3: The n3H, p3He singlet and triplet scattering lengths ‘a,,sy,

3 1 3
anp3H, Ap3He; dp3He

Potential Model 1an3H 3an3H

AV18 HH 4.29 3.73

AV18 FY 4.27 3.71

AV18 FY 4.28 3.71

N3LO-I HH 4.20 3.67

N3LO-I FY 4.23 3.67

AV18/UIX HH 4.10 3.61

AV18/UIX FY 4.04 3.60

N3LO-I/N2LO HH 3.99 3.54

Exp. 4.984+0.29 3.13+£0.11 10.8 £ 2.6 8.1+0.5
4.45 £0.10 3.32+£0.02 10.2 £ 1.5
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The experimental quantities are:

or = 7(las|” + 3la:|).

1 3

Q. = — Qg + —Qy

4 4

Model

O'T(b)

a.(fm)

as(fm)

a;(fm)

AV14+UR
AV18+UR
Expt.

1.74
1.73
1.70 £ 0.03

3.71
3.71
3.82 £ 0.07
3.09 £ 0.02
3.607 £ 0.02

4.10
4.08

4.97 £+ 0.29
4.43 £ 0.12

3.98
3.98

3.12+0.11
3.30 = 0.01




n —3 H total cross section I




n —3 H total cross section

01 02 05 10
E,, [MeV]

Lazauskas et al. PRC 71, 034004 (2005)




n
1.00032

1.00107
1.00146
1.00131
1.00134
1.00136
1.00049
1.00048
1.00048
1.00040
1.00040
1.00000
1.00000

Convergence of 0~ inelasticity parameter and phase-shift at £, = 4.05 MeV for

p — SHe scattering. The S-matrix is S = nexp(2id). The potential is AV18.
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() E,=1.00 MeV (b) E,=1.60 MeV (c) E,=2.25 MeV
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TUNL data for p —3 He elastic differential cross sections are compared
to AV18 (dashed lines) and AV18/UIX (solid lines)
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The measured p —3 He proton analyzing power. The solid
circles are the data from TUNL, open circles from Madison.
Calculations are for the AV18 (dashed lines) and AV18/UIX (solid lines)




‘ Conclusions I

e Few-nucleon systems are ”theoretical laboratories” in which we
can test the nuclear interaction

e Benchmarks are used to establish methods:

A=3,4 bound states

N-d scattering and n —3 H scattering

e Detailed wave functions have been constructed using
the HH basis for bound and scattering states in A = 3,4
e The HH basis can be used in CS or in MS

e In the low energy sector several observables are well described

e Extension of the HH technique to A > 4




